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In the QRAM model, a classical program instructs an external processor in real time
to apply quantum operations which modify quantum states, while measurements return
classical data to the program:

quantum command

measurement outcome
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Quantum computing under this view is inherently effectful. The general principle of mod-
elling computational effects (such as nondeterminism, local state, and divergence) using
monads over a pure functional language [Mog91] has proved foundational in the develop-
ment of denotational semantics for effectful programs including probabilistic programming
languages [SGG15; Sta+16]. This raises the question: can hybrid quantum computation
be given a concrete denotational semantics by modelling it as a computational effect added
to a purely classical language?

To address this question, we introduce the quantum instrument monad, showing that
quantum instruments form a strong monad on Set. This monad can be understood as a
generalisation to quantum evolutions of the finite distribution monad, cleanly separating
the classical and quantum parts of a program’s semantics. Quantum instruments are a
well-established formalism in quantum information theory [CTU13; MF23; Oza84], which
decompose a completely positive trace-preserving (CPTP) map into components indexed
by classical outcomes. To our knowledge, their monad structure has not previously been
observed.

Existing approaches to the semantics of hybrid quantum computation differ in how
classical control and quantum effects are integrated. Measurement has been treated as an
algebraic effect over combined quantum-classical programming language [Sta15], added as
a classical effect to a purely quantum programming language [HK22], and monadically
without a denotational semantics [AG10]. Quantum processes have been given categorical
models, such as Selinger’s CPM construction [Sel07], which models mixed-state quantum
evolution and measurement via completely positive maps in dagger compact categories, or
Huot and Staton’s result showing that the category of completely positive trace-preserving
maps is a canonical completion of the category of isometries [HS21]. The quantum lambda
calculus [SV05] uses linear logic to model hybrid quantum computing. Monads have been
used to describe circuit-generation in Quipper [Gre+13], and extended to allow mid-circuit
measurement [RS18; SCD26]. In contrast, we model quantum computation itself as a
monadic effect over a purely classical language, using quantum instruments directly as the
denotational structure. Closest to our work, Jia et al. [Jia+22] describe an extension of the
probabilistic fixpoint calculus by quantum effects, using the theory of Kegelspitzen [KP17]
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to link the classical part of the language modelled using a valuations monad, and the
quantum part modelled with von Neumann algebras. We leave clarifying the connection
of their construction to ours as future work.

Beyond the finitely-supported case, we sketch ongoing work in extending the quantum
instrument monad to measurable spaces, in analogy with the Giry monad [Gir82], and to
directed-complete partial orders (DCPOs), in analogy with the probabilistic powerdomain
monad [JP89], so as to allow modelling of classical programs that may diverge.

1 Quantum instruments and measurement

In quantum theory, measurements are typically modelled as a positive operator-valued mea-
sure (POVM), i.e. a finite set {Pi} of positive operators that sum to identity,

∑
i Pi = 1,

and can be seen as maps from quantum to classical information. Quantum channels,
on the other hand, mapping quantum to quantum information, are mathematically cap-
tured by CPTP maps. Quantum instruments [DL70] unify these objects by describing a
more general notion of measurement process, and are given by a finite set {Ei} consisting
of completely positive trace non-increasing (CPTNI) channels Ei that sum to a CPTP
channel:

tr

(∑
i

Ei(ρ)

)
= tr(ρ). (1)

Any POVM can therefore be realised as a quantum instrument Ei(ρ) = PiρPi, but one
also recovers both unitary and trace-preserving evolutions as singleton instruments, e.g.
E(ρ) = UρU †. Given a quantum instrument {Ei}i∈I , the map i 7→ tr(Ei(ρ)) is a probability
distribution on X for every density operator ρ, and any finite probability distribution
{pi ∈ [0, 1]}i∈I embeds as the quantum instrument Ei(ρ) = pi · ρ.

Definition 1. Given a fixed ambient Hilbert space H, the finite quantum instruments
functor Q : Set → Set maps a set X to the set of (finitely supported) quantum instruments
indexed by X and acting on H. Given a set function f : X → Y , we define Qf : QX → QY
as Qf({Ex}x∈X) := {

∑
x∈f−1(y) Ex}y∈Y .

In analogy to the case of finite distributions, we can give equip this functor with the
structure of a monad. The unit of the monad is given by

ηX : X −→ QX,

x 7−→ {δx,y1H}y∈X ,
(2)

where

δx,y =

{
1 if x = y;

0 otherwise;
is the Kronecker delta. (3)

The Kleisli extension of F : X → QY is given by:

F∗ : QX −→ QY

{Ex}x∈X 7−→

{∑
x∈X

F(x)y ◦ Ex

}
y∈Y

(4)

Theorem 2. Q forms a strong monad on Set.

The Kleisli category of Q is a quantum generalisation of the category of stochastic
matrices. In fact, morphisms X → QY are essentially matrices [Ex,y] whose elements
are CPTNI maps, and whose columns sum to a CPTP map

∑
x Ex,y, i.e. each column

describes a quantum instrument.

2



Remark 3. If we want to model state initialisation and destructive measurements, the
CPTNI maps that make up the quantum instrument must have different output/input
types. We can capture this by instead as a Hilb-parameterised monad in the sense of
[Atk09]: for any Hilbert spaces H,J and set X, let QH,JX be the set of quantum instru-
ments H → J indexed by X. Then the monad multiplication becomes a family of maps
µH,J ,K
X : QJ ,KQH,JX → QH,KX mirroring composition of the underlying CPTNI maps,

and the units are given by maps ηHX : X → QH,HX.

While the finite case already yields a strong monad on Set, it is not sufficient for two
important reasons: it excludes measurements with infinitely many outcomes, and it does
not account for diverging or recursive classical programs. In analogy with classical prob-
ability theory, these limitations point respectively toward measure- and domain-theoretic
extensions.

2 Beyond finite instruments

Generalising to quantum instruments taking infinitely many values requires significantly
more machinery. Recalling the analogy to probability monads, there are two natural
candidates to draw inspiration from: the Giry monad on the category of measurable
spaces [Gir82], and the probabilistic powerdomain monad on the category of directed-
complete partial orders [JP89].

Both constructions require moving from finite summation to integration:∑
x∈X

f(x) · px becomes

∫
x∈X

f(x) dp. (5)

In the case of the Giry monad, the Lebesgue integral plays this role; the probabilistic
powerdomain monad uses a lower integral on valuations. Comparing with equation (4),
we informally observe that we need some kind of non-commutative integral to define a
multiplication, ∑

x∈X
F(x)y ◦ Ex becomes

∫
x∈X

F(x)y ◦ dE . (6)

Both the integrand F and “measure” E are valued in completely positive maps, and the
integration must respect the order of composition.

To the best of our knowledge, such non-commutative integrals have not previously ap-
peared in the literature. These questions motivate the development of such constructions:
how should we define them, and how much of classical integration theory carries over?
In the remainder of this abstract, we detail some work-in-progress for constructing these
integrals.

2.1 Towards a quantum Giry monad

The classical setting of probability theory is the Lebesgue theory of measures, in which
finite probability distributions are generalised to probability measures. There is an anal-
ogous measure-theoretic generalisation of quantum instruments originally due to Davies
and Lewis [DL70].

Definition 4. Let H,J be complex Hilbert spaces, then a quantum instrument H → J
over a measurable space (X,σX) is a mapping µ : σX → CPTNI(H,J ) which is

• strict: µ(∅) = 0;
• normalised: µ(X) is trace-preserving;
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• countably additive: for any countable collection {Ej} ⊆ σX of pairwise disjoint sets,
µ(
⋃

j Ej) =
∑

j µ(Ej).

Each of these properties mirror the definition of probability measures. In particular,
for any density operator ρ on H, the mapping µρ : σX → [0, 1] : A 7→ tr(µ(A)(ρ)) defines a
probability measure on X. As a result, it is natural to try and construct an integral of the
form (6) by “evaluating” on density operators to reduce the problem to the real-valued
case: ∫

x∈X
f(x) ◦ µ(dx) 7−→ tr

(∫
x∈X

f(x) ◦ µ(dx)(ρ)
)
. (7)

The problem is that the trace doesn’t commute with the integral, since the quantity
tr(f(x) ◦ µ(dx)(ρ)) is not well-defined. It’s therefore not obvious how to relate this integral
to the probability measure µρ. In order to do so, we rely on the following result.

Theorem 5 (Informal). Given a quantum instrument H → J over a measurable space
(X,σX), there is a probability measure ∆µ on σX and a map dµ : X → CPTNI(H,J ) such
that

µρ(E) =

∫
x∈E

tr(dµ(x)(ρ)) ∆µ(dx)), (8)

for all density operators ρ on H and all measurable sets E ∈ σX .

We can then define the integral of a map f : X → CPTNI(J ,K) with respect to µ by
setting

tr

(∫
x∈X

f(x) ◦ µ(dx)(ρ)
)

=

∫
x∈X

tr(f(x) ◦ dµ(x)(ρ)) ∆µ(dx). (9)

The structure of the Giry monad can then be syntactically carried over to this setting,
but the monad laws require more (ongoing) work to prove.

2.2 A quantum continuations monad on DCPO

Many algorithms, for example Grover’s algorithm or variational algorithms [Cer+21], and
techniques such as repeat-until-success circuits [BRS15], utilise classical loops. Typically,
such loops are modelled by moving to a category which supports fixed points, such as the
category of directed complete partial orders (DCPO). Extending the instrument monad to
this category immediately requires more than finite instruments, as these are not closed
under suprema.

Just as the finite instrument monad generalises the finitely-supported distributions
monad, we could expect such DCPO monad to generalise the probabilistic powerdomain
monad [JP89], by considering quantum valuations µ on a DCPO X of the form

µ : O(X) → CPTNI,

where O(X) is the set of Scott-open subsets of X. Such valuations can be given the usual
stochastic ordering, where µ ≤ ν if µ(U) ≤ ν(U) for all open sets U , making the set of
quantum valuations a DCPO (leveraging that CPTNI is itself a DCPO [Cho16]).

Unfortunately, in contrast to the classical case, it is unclear how to define an integral
with the correct order-theoretic properties. When restricted to simple quantum valuations,
those that arise from finite instruments, the integral must be given by a summation. It is
already unknown whether this summation is monotone in its valuation argument, as the
classical case typically uses a max-flow min-cut theorem which does not hold for CPTNI
maps.

We solve both the integral definition problem and order-theoretic problems by moving
from a valuation monad to a continuation monad

Q(X) = DCPO(X,CPTNI) → CPTNI,
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noting that any such µ ∈ Q(X) restricts to a valuation by defining the action on an open
set U to be µ(χU ) (where χU is the indicator function on U).

The definition of the integral has now been repackaged into the data of the monad,
delaying the challenge to the definition of primitives. This poses no problem for including
finite instruments as primitives, where the definition of the integral is clear.

This also resolves the issue of finding the right ordering of quantum instruments, as
the pointwise ordering is coarser than the stochastic ordering. In particular, the pointwise
ordering defines µ ≤ ν exactly when∫

fdµ ≤
∫

fdν for all continuous f ,

instead of testing only with indicators of open sets, as is the case with the stochastic order-
ing. We conjecture that when restricting to the probabilistic case, this order coincides with
the stochastic ordering, allowing this continuation monad to be seen as a generalisation
of the probabilistic powerdomain monad.
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